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Wave function of the radion in the brane background with a massless scalar field
and a self-tuning problem
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We consider flat solutions in a brane world model with a massless scalar field appearing in 5DHMNPQ
2 .

Since those solutions have naked bulk singularities or are such that the 4D Planck mass is divergent, we should
have a compact extra dimension, the size of which is then fixed by brane tension~s! and the bulk cosmological
constant. By inspecting scalar perturbations around the flat solutions, we find that there is no zero mode for the
radion and radion modes have only positive masses. This result confirms the fact that the radius of the extra
dimension cannot be adjusted independently of the parameters of the model, and thus that the model considered
does not solve the problems encountered in other approaches to the self-tuning of the cosmological constant.
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I. INTRODUCTION

The Randall-Sundrum~RS! models @1,2# were initially
motivated by solving the hierarchy problem in a geome
way @1# and giving an alternative to the conventional Kaluz
Klein compactification of the extra dimension thanks to t
presence of a normalizable zero mode of the graviton@2#.
The RS solutions require one~or two! fine-tuning condi-
tion~s! between brane tension~s! and a bulk cosmologica
constant by consistency. That is to say, if the fine-tun
condition~s! was not satisfied, our universe should app
curved with nonzero 4D effective cosmological consta
Nonetheless, because of the fact that there exists a 4D
solution in the RS models even with a nonzero brane t
sion~s! and a nonzero negative bulk cosmological consta
the cosmological constant problem appears in a new inte
ing perspective. Thus we search for an extra dimensio
solution to the cosmological constant in the RS type mod
@3–14,16#. Here we require that there should exist a flat s
lution for a finite range of parameters and without any fin
tuning between input parameters, which will be calledself-
tuning. This idea can be realized by an integration const
appearing in the warp factor of the metric. That is to s
once a flat solution is obtained by determining the integrat
constant without a fine-tuning between given Lagrangian
rameters, the integration constant is adjustable due to
dynamics of a bulk field to maintain the flatness of the me
for different sets of Lagrangian parameters of the fin
range. The criteria for a consistent self-tuning solution w
the extra dimension are the following: there should appea
integration constant to be determined by the boundary c

*Electronic address: jekim@phyp.snu.ac.kr
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dition; there should be no naked singularities in the b
space; and the 4D Planck mass should be finite.

In early attempts with a massless bulk scalar field coup
to the brane in a flat bulk@4,5#, the self-tuning flat solution
was obtained by using integration constants appearing in
warp factor and it was even claimed that there exists on
flat solution for theZ2 symmetric bulk space with a specia
coupling of the scalar field to the brane@4,6#. However, since
the extra dimension in such solutions should end with na
singularities in the bulk space to give a finite 4D Plan
mass, a fine-tuning is indispensible in regularizing the na
singularity with another brane@7,8#. With a nonconventional
kinetic term of 1/H2, whereH25HMNPQHMNPQ, it has been
shown that there exists a self-tuning solution@12#.

On the other hand, there have appeared models where
introduces a massless bulk scalar field not coupled to
brane and a nonzero bulk cosmological constant@11,13,14#.
In those attempts, the scalar field gives rise to an integra
constant in the warp factor to be determined by the bound
condition because it contributes to the energy-momen
tensor in the Einstein equations.1 In those attempts, there als
appear naked singularities or the warp factor becomes di
gent away from the brane as in the flat bulk case. Thus
necessary to introduce another brane to cut off the extra
mension in the same way as in the case where the bran
coupled to the scalar field. In this case, however, the e
dimension should be cut off before the naked singulariti
unlike in the case where the brane is coupled to the sc
field.2

1The integration constant from the scalar field itself is irrelevan
self-tuning because it is just contained in the warp factor as amul-
tiplicative factor.

2Locating another brane at the singularity would give rise to
infinite brane tension, unlike the case with a brane coupling.
©2002 The American Physical Society04-1
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When the scalar field does not couple to the brane,
other brane introduces a parameter, the distance between
branes.3 In this paper, we present flat solutions with a sta
extra dimension in which the bulk and brane cosmologi
constants do not need to be fine-tuned, but those rathe
termine the size of the extra dimension in terms of tho
parameters by the boundary conditions at the branes. M
over, for a positive bulk cosmological constant, it may a
be possible to compactify the extra dimension even with
the need to introduce another brane by identifying the t
extrema of the warp factor symmetric around they50 brane
@14#. In this case with a single brane, there is no direct fi
tuning between bulk and brane cosmological constants
ther, but the radius of the extra dimension is also fixed
terms of those parameters. However, once the radius is
termined by the input parameters, the dilatation symmetry
the extra dimension is broken. Thus, we expect that the
latation moduli of the radius, which is called the radion, do
not have a massless mode. In this case, the radius cann
changed to maintain the flat solution for a small change
brane tension.

In this paper, we make a consistency check for our
solutions with a constant radion field:~1! each flat solution is
an extremum of the radion effective potential and~2! each
flat solution is a global minimum of the radion effective p
tential. First we obtain the equation of motion for the radi
field and show that the determined radius is an extremum
the radion effective potential. Then we also study scalar
radion perturbations around our flat solutions with arbitra
bulk cosmological constant. As expected, we find that th
is no massless mode of the radion because of the boun
condition coming from the need to cut off the extra dime
sion with or without another brane. Moreover, the radion h
only a positive mass, which implies that each flat solut
with the fixed radius is a minimum of the radion potenti
Concerning the self-tuning problem in our model, we c
address the problem that, due to the absence of a mas
radion, the radius of the extra dimension is not adjustable
self-tuning the cosmological constant. Thus, even if ther
no direct relation between bulk and brane cosmological c
stants in our case, one fine-tuning condition cannot
avoided to maintain the flat solution for a small change
brane tension.

For completeness, we use the gauge transformations
serving the scalar perturbations to find that there exis
massless graviscalar and a massless spin-2 graviton w
there is no massless vector mode. The massive excitation
the spin-2 graviton are shown to be positive, which guar
tees the stability of the flat solutions together with the po
tive radion mass.

This paper is organized as follows. In the next section,
provide the model setup for consideration and present the
solutions. In Sec. III, we perturb the scalar field around
flat solutions, identify the radion spectrum, and discuss
self-tuning problem in our model. Then, in Sec. IV, w

3Note that the radius of the extra dimension is not determine
the Randall-Sundrum model.
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present the effective action of the radion. In Sec. V, we d
with the graviton perturbations for completeness. Section
is a conclusion.

II. MODEL SETUP

On top of the RS model@1,2#, we introduce a three-form
field in the bulk without coupling to the brane. Because
will cut off the extra dimension, we include the sum of bra
actions. Then, the 5D action of our model setup is

S5E d4xE dyA2gS M3

2
R2Lb

2
1

2•4!
HMNPQHMNPQ1(

i
L m

( i )d~y2yi ! D . ~1!

In order to get 4D flat solutions, let us take the ansatz for
metric as

ds25b2~y!hmndxmdxn1dy2 ~2!

where (hmn)5diag(21,11,11,11). Then the component
of the Einstein tensor are

Gmn5gmnF3S b8

b D 2

13S b9

b D G ,
G5556S b8

b D 2

, ~3!

where a prime denotes differentiation with respect toy. With
the brane tensionsL1 andL2 at they50 andy5yc branes,
respectively, and the bulk cosmological constantLb , the en-
ergy momentum tensors are

TMN52gMNLb

2
A2g(4)

A2g
gmndM

m dN
n (

i
L id~y2yi !1T̃MN , ~4!

T̃MN5
1

4! S 4HM PQRHN
PQR2

1

2
H2gMND ~5!

5¹Mf¹Nf2
1

2
gMN~¹f!2, ~6!

where we used the fact that a three-form field in 5D spa
time is dual to a pseudoscalar field asHMNPQ

5A2geMNPQ
R ¹Rf. Below, we imply ‘‘pseudoscalar’’ when

we write ‘‘scalar’’ without any confusion because our spin
field is only the pseudoscalar fromHMNPQ . Here, when the
dual relation is inserted in the kinetic term of the action,
overall sign is the opposite of that in the case of a sca
field. However, there does not arise such an inconsiste
between the action and the Einstein equation when the
face term is taken into account that arises for the w
defined variation of the action with respect to the three-fo
field.

in
4-2
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We also take the ansatz for the nonvanishing compon
of the four-form fieldHmnrs as

Hmnrs5A2g emnrs f ~y! ~7!

wherem, . . . run over the Minkowski indices 0, 1, 2, and
The Bianchi identitydH50 implies f 252A/b8 in the bulk
with a positive constantA. With the above ansatz, the fiel
equation for the four-form field is satisfied:

]M@A2gHMNPQ#50. ~8!

The two relevant Einstein equations, the~55! and (mm) com-
ponents, read as follows:

6S b8

b D 2

52Lb1
A

b8
, ~9!

3S b8

b D 2

13S b9

b D52Lb2L1d~y!

2L2d~y2yc!2
A

b8
. ~10!

The solutions of Eqs.~9! and ~10! with Z2 symmetry are,
@13#

for Lb,0,

~1!b~ uyu!5S a

kD 1/4

@sinh~24kuyu1c!#1/4, ~11!

~2!b~ uyu!5S a

kD 1/4

@sinh~4kuyu1c!#1/4, ~12!

for Lb.0,

~1!b~ uyu!5S a

kD 1/4

@sin~24kuyu1c!#1/4, ~13!

~2!b~ uyu!5S a

kD 1/4

@cos~24kuyu1c!#1/4,

~14!

for Lb50,

~1!b~ uyu!5~24auyu1c!1/4, ~15!

~2!b~ uyu!5~4auyu1c!1/4, ~16!

wherek[AuLbu/6 anda is defined in terms ofA,

a[AA

6
. ~17!

We note that theb ’s of Eqs. ~12! and ~16! do not give
localized gravity on they50 brane while theb ’s of Eqs.
~11!, ~13!, and ~15! have naked singularities atuyu5c/(4k)
or uyu5c/(4a), and b of Eq. ~14! has at uyu5(c
1p/2)/(4k). Therefore, to get effective four-dimension
gravity or to avoid singularities in the bulk, it is indispen
10600
tsable to cut the extra dimension such that it has a finite len
This can be done by introducing another brane.

Then, since theZ2 symmetry and the periodicity for the
compact dimension give rise to the boundary conditions
the branes,

b8

b U
y5y

i
1

[2
L i

6
, ~18!

consistency requires the following relations for the abo
three cases:

for Lb,0, 6c5coth21S k1

k D54kyc2coth21S k2

k D ,

~19!

for Lb.0, ~1!c5cot21S k1

k D54kyc2cot21S k2

k D , ~20!

~2!c52tan21S k1

k D54kyc1tan21S k2

k D ,

~21!

for Lb50, 6c5
a

k1
5aS 4yc2

1

k2
D , ~22!

wherec.0 for Lb<0, 0,c,p/2 for Lb.0, and

k1[
L1

6
, k2[

L2

6
. ~23!

For all the above cases, direct fine-tuning conditions
pear between brane tensions, unlike in the RS case, bu
size of the extra dimension is determined by the brane
sions and the bulk cosmological constant. In particular,
theLb.0 case@Eq. ~14!#, as recently argued in Ref.@14#, it
may be possible to compactify the extra dimension with
the need to introduce another brane by identifying the t
extrema of the warp factor symmetric around they50 brane.
In Fig. 1 we show the schematic behavior of the warp fac
If point Q corresponds to the location of another brane, th
one has to introduce a brane tension there. However, if p
P is chosen, it is not necessary to introduce another bra
That means the extra dimensional size depends on poinP,
which is determined by the other parameters in the the
For this to be the case, we must have a shift symmetry in
radion direction whose distance is determined by the par
eters in the theory; namely, we only have to take the bou
ary condition as the first one in Eq.~21! and the length size
of the extra dimension can be regarded as being determ
by the brane tension asyc5c/(4k)52(4k)21tan21(k1 /k)
for k1,0.

Now we have obtained flat solutions with zero effecti
cosmological constant on the brane with a static extra dim
sion, i.e.,g5551. However, we should check~1! whether
these solutions actually extremize the radion effective pot
tial and, if so,~2! whether this extremum is a minimum or
maximum of the effective potential. Let us close this sect
4-3
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KIM, KYAE, AND LEE PHYSICAL REVIEW D 66, 106004 ~2002!
with the first consistency test of our flat solutions and po
pone the second one to the next section.

It was shown that the 5D extremization constraint can
a consistency check for any solutions with a constant rad
field @15#. For the general metric ansatz with homogeneo
and isotropic three-space given by

ds252n2~ t,y!dt21a2~ t,y!d i j dxidxj1b2~ t,y!dy2,
~24!

we consider a linear combination of all the components
the 5D energy-momentum tensor from Einstein’s equatio4

Tm
m22T5

552
3

n2 S 3ȧḃ

ab
2

ḃṅ

bn
1

b̈

b
D

1
3

b2 S 3a9

a
1

n9

n
2

3a8b8

ab
1

b8n8

bn D ~25!

where dot and prime denote differentiations with respectt
and y coordinates, respectively. Then, the above constr
can be regarded as the equation of motion of the tim
dependent scalar fieldb(t,y) by rewriting it as

1

b
¹m¹mb5

1

3
~Tm

m22T5
5!2

3

a S a8

b2D 8
2

1

n S n8

b2D 8
. ~26!

For solutions with a nonstatic extra dimension, the rig
hand side~RHS! of the above equation vanishes when
extremum is reached. This is also the case with a static e
dimension because a solution with a constant radion fiel
defined as an extremum of the radion effective potent
Actually, we obtain the RHS withb51 andn5a5b(y),

4See, for instance, Eq.~75! in Ref. @13#.

FIG. 1. The schematic behavior of the warp factor forLb.0.
Point P is the case of our main interest.
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3 S 2Lb23
A

b8
26

b9

b U
y5” yi

D
28d~y2yi !S b8

b U
y5yi

1
L i

6 D . ~27!

Therefore, we can show that flat solutions with a static ex
dimension satisfy the extremization constraint by using E
~9!, ~10!, and~18!. In this extremization procedure, the siz
of the extra dimension is determined by the boundary con
tions. This is different from the case with the RS flat so
tion, where the fine-tuning of the parameters leads to
extremization of the radion potential without determining t
size of the extra dimension.

III. SCALAR PERTURBATIONS AND RADION

In order to determine whether the flat solutions with
static extra dimension obtained in the previous section
minima or a maxima of the radion effective potential, w
should study scalar perturbations around the flat solutio
Then, the radion mode corresponds to altering the dista
between the branes at the orbifold fixed points or to the s
of the extra dimension, which appears as a scalar field in
effective 4D theory.

In the RS case without radius stabilization, there exist
massless radion for the flat solution since the size of the e
dimension is not determined@1,17,18#. And it is also shown
that the radion has a positive mass for the 4D AdS solut
while it has a negative mass for the 4D dS solution@19–21#.
For the stabilized RS model, the radion mass is also inve
gated in detail in Refs.@22,23#. In models with metastable
graviton and multigravity scenarios, it is shown that the
dion dynamics is crucial to test their stability@24,25#.

As we mentioned in the previous section, we regard
three-form field as a scalar field by duality on investigati
perturbations for convenience. In that case, we only hav
deal with the energy-momentum tensor coming from the s
lar field as in Eq.~6! and a scalar field equation such as

]M~A2g]Mf!50. ~28!

We thus take a general ansatz for the metric perturbation

ds25K22~z!@hMN1hMN~x,z!#dxMdxN, ~29!

f~x,z!5f0~z!1w~x,z!, ~30!

wherez5*zdy/b(y), K(z)51/b„y(z)…, and (f08)
25AK6.

Then, the linearized Einstein’s tensor, the lineariz
energy-momentum tensor, and the linearized scalar equa
read
4-4
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dGMN52
h

2
h̄MN1] (M]Ph̄N)P2

1

2
hMN]P]Qh̄PQ

2
3K8

2K
~]MhN51]NhM52]5hMN!23hMN

3F S 2
K9

K
12

K82

K2 D h552
K8

K
]Ph̄P5G

23FK9

K
22

K82

K2 GhMN , ~31!

dTmn5S 23
K9

K
16

K82

K2 D hmn1(
i

d~z2zi !
L i

2K
h55hmn

1
1

2
~f08!2h55hmn2f08w8hmn , ~32!

dTm556
K82

K2
hm51f08]mw, ~33!

dT5556
K82

K2
h552

1

2
~f08!2h551f08w8, ~34!

hw23
K8

K
w81

1

2
f08~hm

m82h558 !50, ~35!

where (M ,N) is one-half of the symmetric combination, th
prime denotes the derivative with respect toz, and ]M

[hMN]N , h[hmn]m]n1]z
2 . h̄MN is defined as h̄MN

[hMN2hMNh/2 andh is the trace forhMN .
Since we are interested in the scalar perturbations for

vestigating the radion, let us take the gauge choice in
metric ansatz~29! as

hmn~x,z!5F~x,z!hmn , hm550,

h55~x,z!5G~x,z!. ~36!

Thus, the (mn) component of the linearized Einstein tens
is written in the form

dGmn5]m]nS 2F2
1

2
GD1••• ~37!

where the ellipses all contain terms proportional tohmn . The
linear perturbations from the energy momentum tensor
also;hmn . Therefore, we obtain an immediate relation su
as

G522F. ~38!

Then the linearized (mm), (m5), and~55! Einstein’s equa-
tions and the linearized scalar field equation are
10600
-
e

re

3

2
F92

15

2

K8

K
F816F2S K8

K D 2

2
K9

K G
3F1F(

i

L i

K
d~z2zi !1~f08!2GF1f08w850,

~39!

2
3

2
]mF823

K8

K
]mF5f08]mw, ~40!

3

2
]m]mF26

K8

K
F81F12S K8

K D 2

2~f08!2GF2f08w850,

~41!

]m]mw1w923
K8

K
w813f08F850. ~42!

The (m5) component Eq.~40! can be integrated to give

f08w52
3

2 S F822
K8

K
F D1 f ~z!. ~43!

The metric ansatz~36! and Eqs.~38! and ~43! with f (z)
50 fix our gauge choice. Eliminatingf08w8 from Eqs.~39!
and ~41! gives rise to an equation forF only as

]m]mF1F929
K8

K
F8

1F16S K8

K D 2

24
K9

K
1(

i

2L i

3K
d~z2zi !GF50 ~44!

from which we can easily obtain the boundary conditions
the branes,

FF822
K8

K
F G

z5z
i
1

50, ~45!

where we usedK9/K52AK6/31(L i /3K)d(z2zi) and L i
56K8uz5zi

. It is staightforward to check the scalar fie

equation~42! by multiplying Eq.~42! by f08 and using Eqs.
~43!, ~41!, and the background equations~9!,~10! in the z
coordinate. Thus,F must satisfy Eq.~45! and the bulk equa-
tion

]m]mF1F929
K8

K
F8

1F16S K8

K D 2

2
4K9

K GF50. ~46!

Note that studyingF is equivalent to studying the radion, i
view of Eqs.~36! and ~38!.

To make a Kaluza-Klein reduction of the radion field
4D, we choose a separation of variables asF(x,z)
5c(z)r(x). Taking a rescaling such asc̃5c/(f08K

3/2) @26#,
4-5
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KIM, KYAE, AND LEE PHYSICAL REVIEW D 66, 106004 ~2002!
we obtain the 4D equation of the radion field and the b
equation for the wave function of the radion

~]m]m2m2!r~x!50, ~47!

@2]z
21V~z!#c̃~z!5m2c̃~z!, ~48!

where

V~z!5jS 1

j D 9
, ~49!

j5
f08

K1/2K8
. ~50!

The above equation corresponds to nothing but a supers
metric quantum mechanics,

Q†Qc̃~z![F]z1jS 1

j D 8GF2]z1jS 1

j D 8G c̃~z!5m2c̃~z!.

~51!

The Hermiticity of the above differential operator guarante
the positivity of the mass spectrum withm2>0: there is no
tachyonic mode of radion. The bulk solution for the massl
radion field with m250 is given by a linear combination
such as

c̃0~z!5
1

j S c01d0E
0

z

dzj2D ~52!

or

c0~z!5K2K8F c01d0E
0

z

dzS f08

K1/2K8
D 2G ~53!

wherec0 andd0 are integration constants. Then, we can ta
the wave function of the massless radion to be consis
with the Z2 symmetry,

c0~z!55
K2K8F c01d0E

0

z

dzS f08

K1/2K8
D 2G

for z.0,

2K2K8F c02d0E
0

z

dzS f08

K1/2K8
D 2G

for z,0.

~54!

Then, using the boundary condition at thez50 ~or y50)
brane from Eq.~45!,

Fc822
K8

K
cG

z501

50, ~55!

we obtain the ratio between the two integration constant
10600
k

m-

s

s

e
nt

as

~A!:
c0

d0
52F ~f08!2

K9K8K
G

z501

. ~56!

On the other hand, since the extra dimension should be
off with or without another brane to escape a bulk singular
or a divergent 4D Planck mass, an additional boundary c
dition appears. For the case without another brane, the
rivative of the metric perturbation should be zero at the e
of the extra dimension, as for the background metric. The
fore, in view of Eq.~45!, another boundary condition shoul
be the same irrespective of the existence of an additio
brane as

~K22c!8uz5z
c
250. ~57!

Thus we also find another necessary condition for integra
constants:

~B!:
c0

d0
52F ~f08!2

K9K8K
G

z5z
c
2

2E
0

zc
dzS f08

K1/2K8
D 2

. ~58!

However, the two equations~56! and~58! cannot be satisfied
simultaneously because the difference~A!-~B! between the
two turns out to be nonzero,

~A!2~B!523E
0

zc
dzK235” 0. ~59!

As a result,the massless mode of radion should be
garded as being projected outby another boundary condition
appearing in cutting off the extra dimension, irrespective
whether the extra dimension is compactified with one or t
branes.~The absence of a massless radion was also show
Ref. @22# in the existence of the general Goldberger-W
scalar potential. But our case without any scalar poten
was not covered there.! Thus we have confirmed thatthe
radius of the extra dimension cannot be changed indep
dently of the cosmological constantsby showing explicitly
that there is no massless mode of the radion. Then one
not escape one fine-tuning condition@13# to maintain the flat
solution with fixed radius for small changes of input para
eters. Moreover, since the radion gets only a positive m
from Eq. ~51!, we find that each flat solution of Einstein
equations@Eqs. ~11!–~16!# is stable under scalar perturba
tions.

IV. EFFECTIVE ACTION OF THE RADION

We would like now to discuss the effective theory for th
massive modes of the radion with matter localized on
brane. So let us substitute the perturbed metric~36! into the
linearized 5D action and integrate out the extra dimensi
Since the massive radion couples to the energy-momen
tensor localized on the brane~s!, its effective action is derived
as
4-6
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Se f f5E d4xdzA2g(4)K25F S M3

2 D1

2
hMNd

3S RMN2
1

2
gMNR2M 23TMND

2
1

2 (
i

KhmnTmn
( i ) d~z2zi !G ~60!

5E d4xA2g(4)FM3

2 E
2zc

zc
dzK23S 3

2
F~h2m2!F D

1
1

2 (
i

~K22F !Uzi
hmnTmn

( i ) G . ~61!

Here we make a separation of variables such asF(x,z)
5c(z)r(x) and rescale the radion field such that its kine
term has a canonical form. Then, the resultant effective
tion is the following:

Se f f5E d4xA2g(4)F1

2
r̃~x!~h2m2!r̃~x!

1(
i

1

2Mrad
( i )

r̃~x!Tm
m( i )G ~62!

where the coupling of the radion to matter localized at e
brane is identified as

1

Mrad
( i )

5F3M3

2 E
0

zc
dzK23c2G21/2

~K22c!uzi
. ~63!

V. GRAVITON PERTURBATIONS

In this section, for completeness, on top of the scalar p
turbations corresponding to the radion in the previous s
tion, let us consider the graviton perturbations with the g
eral metric ansatz

hmn~x,z!5F~x,z!hmn1h̃mn~x,z!,

hm5Þ0, h55~x,z!5G~x,z!. ~64!

Then, with the gauge conditions~38! and ~43! for the scalar
perturbations, we use a 4D gauge transformations to imp
the de Donder gauge condition for the graviton

05]mhD mn5]mh̄mn ~65!

where h̄mn[hmn2 1
2 hl

lhmn and the second equality come
from Eq. ~38!. Now we have fixed five of the 15 degrees
freedom of the 5D metric perturbations.

Assuming that the equations for scalar perturbatio
~39!–~42! are reproduced for the general gauge choice w
Eqs.~64! and ~65!, we obtain the equations for the gravito
from Eqs.~31!–~34! as
10600
c-

h

r-
c-
-

se

s
h

2
1

2 S h23
K8

K8
]5D h̃mn1

1

4
hmnS h1]5

226
K8

K
]5D h̃m

m

1S ]523
K8

K D ~] (mhn)52hmn]lhl5!50, ~66!

2
1

2 S ]l]l16
K9

K Dhm51
1

2
]mS ]lh5l2

1

2
]5h̃l

lD50,

~67!

1

4
]l]lh̃m

m1
3K8

K S ]lhl52
1

2
]5h̃m

mD50. ~68!

Then we find that the traces of both Eq.~66! and Eq.~68! can
be satisfied simultaneously with

]lh5l2
1

2
]5h̃m

m50, ~69!

under which Eqs.~68! and ~67! become, respectively,

]l]lh̃m
m50, ~70!

S ]l]l16
K9

K Dhm550. ~71!

Therefore, there appears a massless graviscalar fieldh̃m
m ,

which couples to the trace of the 4D energy momentum t
sor as for the radion. On the other hand, since Eq.~71! can-
not be satisfied either on the brane or in the bulk,hm550,
i.e., there is no massless vector mode, which is consis
with Eq. ~69! since (h̃m

m)850 from comparing the linearized
scalar equations~35! and ~42!.

From Eq.~66!, we also observe that the transverse tra
less spin-2 graviton (h̃mn

TT) is automatically decoupled due t

h̃m
m85hm550 and the de Donder gauge~65!:

S h23
K8

K
]5D h̃mn

TT50. ~72!

Consequently, it turns out that there exists a massless sp
graviton since the above equation is satisfied byh̃mn

TT(x,z)
5c0eipxemn with p250, wherec0 is a constant andemn is a
polarization tensor.

With a separation of variables as h̃mn
TT

5K3/2(z)c̃(z)eipxemn (p252m2), we obtain a
Schrödinger-like equation again@27#:

~2]z
21V~z!!c̃~z!5m2c̃~z! ~73!

where

V~z!5
15

4 S K8

K D 2

2
3K9

2K
. ~74!
4-7
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Therefore, we find thatm2>0, i.e., there is no tachyoni
state of the graviton since the above equation can be
garded as a supersymmetric quantum mechanics,

Q†Qc̃~z![S ]z2
3

2

K8

K D S 2]z2
3

2

K8

K D c̃~z!

5m2c̃~z!. ~75!

VI. CONCLUSION

In this paper, by introducing a 5D massless scalar field
coupled to the brane~s!, we found that there exist flat solu
tions with no direct fine-tuning relations between brane t
sion~s! and a bulk cosmological constant. Since those so
tions have a naked singularity or the 4D Planck m
becomes divergent for a noncompact extra dimension,
extra dimension should be compactified with or without a
other brane. Thus there appear two boundary conditions
at each end of the extra dimension. One boundary condi
at they50 brane determines the integration constant of
warp factor and the other one fixes the radius of the e
dimension in terms of brane and bulk cosmological co
stants. At first sight, the radius seems to be a self-tun
parameter, like an integration constant. However, it is
pected that the fixed radius breaks the dilatation symmetr
the radius such that the radius cannot be changed inde
dently of the parameters in the model to maintain the
solution.
n-

. B

ys

I

10600
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-
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We showed that the fixed radius is an extremum of
radion effective potential from the equation of motion for t
radion field. On investigating scalar and radion perturbatio
around the flat solutions, we also found that the mass
mode of the radion is projected out by another bound
condition appearing from the procedure of cutting off t
extra dimension. Thus we confirmed that the dilatation sy
metry of the radius is broken so that the radius of the ex
dimension cannot be adjusted independently of the cos
logical constants. Moreover, the radion has only a posit
mass, which implies that each flat solution with a static
dius is a minimum of the radion potential.

For completeness, we also found that there exist a m
less graviscalar and a massless spin-2 graviton while the
no massless vector mode. The spectrum of massive sp
graviton is shown to be semipositive, which assures the
bility of the flat solutions in our model together with th
positive spectrum of the radion.

ACKNOWLEDGMENTS

This work is supported in part by the BK21 program
the Ministry of Education~J.E.K.,H.M.L.!, a KOSEF Sundo
Grant ~J.E.K.,H.M.L.!, the Center for High Energy Physic
~CHEP!, Kyungpook National University~J.E.K.,H.M.L.!,
and the U.S. Department of Energy DE-FG02-91ER406
~B.K.!.
.
s.

t. B

ev.

. D

lo,

ch,
@1# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 3370~1999!.
@2# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 4690~1999!.
@3# V. A. Rubakov and M. E. Shaposhinikov, Phys. Lett.125B,

139 ~1983!.
@4# N. Arkani-Hamed, S. Dimopoulos, N. Kaloper, and R. Su

drum, Phys. Lett. B480, 193 ~2000!.
@5# S. Kachru, M. Schulz, and E. Silverstein, Phys. Rev. D62,

045021~2000!.
@6# S. Kachru, M. Schulz, and E. Silverstein, Phys. Rev. D62,

085003~2000!.
@7# S. Forste, Z. Lalak, S. Lavignac, and H. P. Nilles, Phys. Lett

481, 360 ~2000!; J. High Energy Phys.09, 034 ~2000!.
@8# C. Csaki, J. Erlich, C. Grojean, and T. Hollowood, Nucl. Ph

B584, 359 ~2000!.
@9# S.-H. H. Tye and I. Wasserman, Phys. Rev. Lett.86, 1682

~2001!; E. Flanagan, N. Jones, H. Stoica, S.-H. H. Tye, and
Wasserman, Phys. Rev. D64, 045007~2001!.

@10# A. Kehagias and K. Tamvakis, Mod. Phys. Lett. A17, 1767
~2002!.

@11# H. Collins and B. Holdom, Phys. Rev. D63, 084020~2001!.
@12# J. E. Kim, B. Kyae, and H. M. Lee, Phys. Rev. Lett.86, 4223

~2001!.
@13# J. E. Kim, B. Kyae, and H. M. Lee, Nucl. Phys.B613, 306

~2001!.
.

.

@14# S. Hayakawa, T. Hirayama, and R. Kitano, hep-th/0108109
@15# G. Gibbons, R. Kallosh, and A. Linde, J. High Energy Phy

01, 022 ~2001!.
@16# E. E. Flanagan, S.-H. H. Tye, and I. Wasserman, Phys. Let

522, 155 ~2001!.
@17# C. Csaki, M. Graesser, L. Randall, and J. Terning, Phys. R

D 62, 045015~2000!.
@18# C. Charmousis, R. Gregory, and V. A. Rubakov, Phys. Rev

62, 067505~2000!.
@19# U. Gen and M. Sasaki, Prog. Theor. Phys.105, 151 ~2001!.
@20# Z. Chacko and P. J. Fox, Phys. Rev. D64, 024015~2001!.
@21# P. Binetruy, C. Deffayet, and P. Langlois, Nucl. Phys.B615,

219 ~2001!.
@22# T. Tanaka and X. Montes, Nucl. Phys.B582, 259 ~2000!.
@23# C. Csaki, M. L. Graesser, and G. D. Kribs, Phys. Rev. D63,

065002~2001!.
@24# L. Pilo, R. Rattazzi, and A. Zaffaroni, J. High Energy Phys.07,

056 ~2000!.
@25# I. I. Kogan, S. Mouslopoulos, A. Papazoglou, and L. Pi

Nucl. Phys.B625, 179 ~2002!.
@26# M. Giovannini, Phys. Rev. D64, 064023~2001!.
@27# O. DeWolfe, D. Z. Freedman, S. S. Gubser, and A. Kar

Phys. Rev. D62, 046008~2000!.
4-8


